Multiplicity distributions of charged particles produced in the e + e − collisions at energies ranging from 14 to 91 GeV are studied using Tsallis q-statistics and the recently proposed Weibull distribution functions, in both restricted rapidity windows as well as in full phase space. It is shown that Tsallis q-statistics explains the data excellently in all rapidity ranges while the Weibull distribution fails to reproduce the data in full phase space. Modifications to the distributions are proposed to establish manifold improvements in the fitting of the data.
I. INTRODUCTION
Particle collisions at very high energies produce quarkquark, quark-gluon and gluon-gluon interactions which result in the production of a multitude of elementary particles. Several of these particles being mesons, baryons and leptons. This particle production is described in terms of several theoretical and phenomenological models derived from quantum chromodynamics. In high energy collisions, particles are visualised to be produced in an intense environment at very high temperature and the formation of quark-gluon plasma in the interactions of quarks and gluons. Thus several models use laws of fluid mechanics, statistical mechanics, thermodynamics, hydrodynamics etc. to describe the particle production. These models have been intriguingly successful. Present day high energy experiments, include several layers of detectors capable of detecting and recording the particles, both neutral and charged, produced in collisions and study the charged particle multipliities, in particular. The distributions are then matched with predictions from various phenomenological models to understand the production mechanism. Concepts from ensemble theory in statistical mechanics have been used to develop models which include statistical fluctuations as an important source of information. Distributions derived from statistics such as Poisson distributions, negative binomial distribution [1] , [2] , KNO scaling law [3] etc. have also played an important role in the understanding of multiplicity distributions, particularly at low energies. The multiplicity, however does not increase linearly with energy and hence at high energies, several new distributions have been proposed. Some of these include MNBD [4] , KW [5] , Tsallis [6] [7] , Gamma [8] [9] , Log-normal [10] , Weibull [11] etc. distributions. In the Tsallis qstatistics, standard statistical mechanics becomes nonextensive. The non-extensive property of the entropy is quantified in terms of a parameter q which is shown to be more than unity under this assumption. The nonextensivity property of entropy is used to derive the multiplicity distribution. Weibull distribution is another sta- * Electronic address: manjit@pu.ac.in tistical distribution which has been studied recently [11] to describe multiplicity distributions in e + e − by S. Dash et al. In the present study, our focus is to investigate the multiplicity distributions, mostly in restricted rapidity windows, at different energies and to study the characteristic properties of charged particle production in e + e − collisions. In one of our earlier papers [12] , we used Tsallis distributions to fit e + e − data from 34.8 to 206 GeV of energy in the full phase space and modified the Tsalis distribution to obtain the best fits as compared to several other distributions. In this paper we will limit ourselves to comparing the distributions using Tsallis q-statistics with the Weibull distribution in both restricted rapidity regions as well as in the full phase space to understand the constraints for the models used. We also propose a modification to improve the comparison between the predicted and the experimental values. Very interesting observations are made.
II. CHARGED MULTIPLICITY DISTRIBUTIONS
Charged particle multiplicity is defined as the average number of charged particles produced in a collision < n ch >= n N , where N is the total number of interactions. Angles at which these particles are produced, are measured in terms of Rapidity defined as y = −ln
where E is the particle energy and P L is the longitudinal momentum. We briefly outline the distributions used to study the multiplicity distributions;
A. Tsallis distribution
Tsallis statistics deals with entropy in the usual Boltzman-Gibbs thermo-statistics modified by introducing q-parameter and is defined as;
where P a is the probability associated with microstate a and sum of the probabilities over all microstates is normalized to one; a P a = 1.
In Tsallis q-statistics probability is calculated using the partition function Z. Tsallis entropy is defined as
where q is entropic index with value, q > 1 and 1 − q measures the departure of entropy from its extensive behaviour. Probability is defined in terms of partition function as
where Z represents the total partition function and Z
N q
represents partition function at a particular multiplicity. For N particles, partition function can be written as
n represents the gas density, V is the volume of the system and v 0 is the excluded volume.
N represents the average number of particles. Details of the Tsallis distribution and how to find the probability distribution can be obtained from [7] . In one of our earlier papers, we have analysed the e + e − interactions at various energies for full phase space data and described the procedure in detail in reference [12] .
B. Modified Tsallis distribution
In our earlier paper [12] , we proposed to modify the multiplicity distribution in terms of two components; one due to multiplicity in 2-jet events and another due to multi-jet events. We then calculated the probability function from the weighted superposition of Tsallis distributions of these two components as described below.
where α is a weight factor which gives 2-jet fraction from the total events and is determined from a jet finding algorithm.
C. Weibull distribution
Weibull distribution is a continuous probability distribution which can take many shapes. It can also be fitted to non-symmetrical data.
The probability density function of a Weibull random variable is;
The standard Weibull has characteristic value λ > 0 and shape parameter k > 0 for its two parameters.The two parameters for the distribution are related to the mean of function, asN
Modified Weibull distribution has been obtained by the weighted superposition of two Weibull distributions and used to produce the multiplicity distribution. We convolute the weighted distributions due to 2-jet component and multi-jet components of the events, as below;
where α is the weight factor for 2-jet fraction from the total events and the remaining 1 − α is the multi-jet fraction. α is calculated from the DURHAM jet algorithm, as discussed in the next section.
III. ANALYSIS ON EXPERIMENTAL DATA & RESULTS
Experimental data on e + e − collisions at different collision energies from different experiments are analysed. The data used are from the experiments, TASSO [13] , ALEPH [14] and DELPHI [15] at √ s = 14, 22, 34.8, 44, 91 GeV and from the restricted rapidity windows of |y| < 0.5, 1.0, 1.5, 2.0. Charged particle multiplicity distributions in terms of probability distributions as P n = σn σtot , where σ n is the cross section for multiplicity n and σ tot represents the total cross section of the interaction at center of mass energy √ s. Experimentally this probability can be obtained using number of charged particles produced at specific multiplicity, n and total number of particles, N tot produced in whole process, P n = n Ntot . The experimental distributions are fitted with the predictions from Tsallis q-statistics and the Weibull distribution as described in the following approaches.
A. Approach I The probability distributions using Tsallis distribution function and Weibull function are calculated using equations (3,4,5) and (7, 8) and fitted to the experimental data. Figure 1 shows the Tsallis fits to the data and figure 2 shows the Weibull distributions fitted to the data in different rapidity intervals at various energies. Both Tsallis and Weibull functions are also fitted to the data in the full phase space and the results are shown in figure 3. The fit procedure uses ROOT 5.36 from CERN to minimise the χ 2 using MINUIT. We find that though Weibull gives good fitting in restricted rapidity intervals but fails to reproduce the distributions in the high rapidity intervals and also in full phase space. While Tsallis distribution shows good fits in both full phase space and separately in each rapidity interval. Detailed comparison between the two functions is shown in Table I where χ 2 /ndf at all energies for all rapidity intervals are compared. It is observed that the χ 2 /ndf values are several orders smaller for the Tsallis fittings as compared to the Weibull fittings. This is true for all rapidity intervals as well as for the full phase space. Table II and Table III give parameters of both Weibull and Tsallis distributions for extreme rapidity intervals, |y| < 0.5 and |y| < 2. To avoid too many tables, we are not including the parameter values for other rapidity intervals. We also show in Table IV , the parameter values for full phase space for both functions. A comparison of the values in Table I reveals that χ 2 /ndf values become worse as we go from lower rapidity to higher rapidity range in both the distributions. However the χ 2 /ndf values for the Tsallis distributions are again lower by several orders, confirming that Tsallis distribution fits the data far better than Weibull.
From Tables II, III & IV, we also observe that for Weibull distribution, as expected, λ values increase with energy as well as with rapidity. Similarly for Tsallis distribution, the q value which measures the entropic index of the Tsallis statistics, increases with energy and is more than 1 in every case. This confirms that Tsallis statistics becomes non-extensive.
B. Approach II
It was observed that the multiplicity distributions have a shoulder-like structure at high energies [16] . Thus the Tsallis and Weibull distributions both give very high χ 2 /ndf values and do not describe the data well at high energy. In our previous publication [12] we suggested to adopt the Giovannini's [16] approach whereby the multiplicity distribution is obtained by using the weighted superposition of two distributions; one accounting for the 2-jet events and another for multi-jet events. For the present work, we use this approach on both Tsallis and Weibull distributions. We call these as modified Tsallis and modified Weibull distributions. The proba- bility functions are given in equations 6 & 9. The α in the two equations is the 2-jet fraction derived from the DURHAM algorithm, as explained in [17] , [18] . Results using approach II for √ s= 91 GeV are shown in the figure 4 for various rapidity intervals as well as in the phase space. We use this data as the shoulder structure is prominent at this energy. It can be observed that Tsallis clearly gives an excellent fitting while Weibull fails, particularly at high rapidity range and in full phase space. Comparison of χ 2 /ndf values for both Weibull and Tsallis distributions in the four rapidity intervals and full phase space are given in Table V . It can be observed from figure 4 and table V that by using this approach, the fits to the data improve enormously and the χ 2 /ndf values decrease substantially. Modified Weibull distribution still remains off data at higher multiplicity values and high rapidity intervals but modified Tsallis distribution fits excellently well. Thus Weibull function has limited applicability, both in its regular form as well as in modified form.
IV. CONCLUSION
Detailed analysis of the data on e + e − collisions at energies √ s=14 to 91 GeV has been done by considering the recently proposed Weibull distribution in comparison to the Tsallis distribution. It is observed that both Weibull and Tsallis distributions successfully explain the multiplicity distributions in restricted rapidity intervals. However the Weibull distribution fails to explain the data in the large rapidity intervals and for full phase space while the Tsallis distribution gives good results. It is known that the multiplicity distributions at higher energies show a shoulder structure. In order to improve upon the fits to the data, we propose to build the multiplicity distribution by a convolution of 2-jet component and the multi-jet component by appropriately weighting with the 2-jet fraction obtained from DURHAM algorithm for √ s = 91 GeV. By doing so we have shown that the Tsallis distribution explains the data excellently well, giving the best possible χ 2 /ndf values and Weibull distribution though improves the fits by several orders, fails in full phase space. The q value known as entropic index for the Tsallis distribution is greater than 1 in every distribution. This confirms that the Tsallis q-statistics has non-extensive behaviour of entropy in both restricted rapidity intervals as well as in full phase space. 2 /ndf → Reference Energy |y| < 0.5 |y| < 1 |y| < 1.5 |y| < 2 full |y| |y| < 0.5 |y| < 1 |y| < 1.5 |y| < 2 full |y| (GeV) 14 
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